There is an analogy in the algebraic structure between the terrestrial spectra belonging to different earth models and the electron energy levels of some quantum mechanical systems. The reason for such an analogy is studied by means of group theory. It is shown that the structure of the spectrum is determined solely by the symmetry of the physical system under consideration. Group theory is then applied, as a unifying theory, to study terrestrial spectroscopic problems based on the theorem that each degree of degeneracy in the spectrum is equal to the dimension of one of the irreducible representations of the symmetry group of the physical system. The influence of perturbations of lower symmetry on the degeneracies in the spectrum (particularly the pattern of splitting) is also studied through group theory; and exact results are obtained. In addition, group theory provides the selection rules for perturbation matrices which determine the coupling among normal modes belonging to the unperturbed system.
Introduction
The use of group theory has achieved a great success in the realm of quantum mechanics. In almost all cases, the Schrodinger equation (or its relativistic generalizations, the Dirac equation and the Klein-Gordon equation) of a quantum mechanical system possesses certain degrees of symmetry, i.e. its form is invariant under certain symmetry transformations. The actual solution of the equation is, in general, too difficult a task to pursue; but by studying the symmetry alone through group theory, a wealth of important, qualitative conclusions about the quantum mechanical system can be readily deduced. For example, the structure of the atomic, molecular, and crystal spectra, their selection and intensity rules, the properties of spin, and even the nature of the periodic table may be traced back to symmetry of one kind or another.
We encounter a similar consideration of symmetry in the study of the Earth's normal mode spectrum, for which we shall adopt the term 'terrestrial spectrum', which originated with Pekeris, Alterman & Jarosch (1961) . For example, as far as symmetry is concerned, the terrestrial spectrum of a spherically symmetric earth is analogous to the energy-level Terrestrial spectroscopy 28 7 (9) A subgroup H of G is invariant if and only if, for any class of G, H contains either all or none of the elements in the class.
(10) A mapping M of a group G on to another group G',M: G -+ C', is a homomorphism if M ( X Y ) = M ( X ) M ( Y ) for all X, Y E G. If, in addition, this mapping is one-to-one, it is isomorphic.
(1 1) If an n x n square matrix D ( X ) can be assigned to every element X E C in such a way that D(A)D(B)=D(AB) for all A , B E G, then the set of matrices tD(X); X E C } is said to form a representation D of G. The dimension of the representation D is n.
(12) A representation D of group C is faithful if the mapping from X E G to its image D(X) is isomorphic; D is unfaithful otherwise.
(13) A group G always has a trivial one-dimensional representation, called the identity representation, defined by D ( X ) = 1 for all X E G. This representation is, of course, unfaithful, except for the trivial group { E}.
(14) Let D1 and Dz be two representations of a group G. If they have the same dimension and are related through a similarity transformation by some square matrix T (having, of course, the same dimension as Dl and Dz), i.e. D l ( X ) = T-'D,(X)T for all X E G, then they are said to be equivalent. Equivalent representations are not regarded as distinct.
(1 5) Any representation D of a finite group is equivalent to a unitmy representation. In other words, it can always be made unitary, i.e. D t = D -l , by a suitable similarity transformation.
(16) A representation D of a group G is said to be block-diagonal if there exist representations D1, Dz, . . . , DN of C such that for any X E G (17) A representation D of a group C is reducible if it is equivalent to a block-diagonal representation. In other words, D is reducible if there exists a square matrix which will block-diagonalize D ( X ) for all X E G. Otherwise, D is irreducible. Irreducible representations are of fundamental importance to our study.
(1 8) A reducible representation is said to be reduced, by a suitable similarity transformation, to a direct sum of irreducible representations. Thus, if the representation D of a group G is reducible, then it is equivalent to the right side of equation (1) where n,(a = 1, 2 , . . . , N) is the number of times that the irreducible representation 0, and its equivalents are contained in the representation D.
(19) Schur's Lemma: the only (non-zero) matrix that commutes with all the matrices in an irreducible set of n x n square matrices is a multiple of the n x n unit matrix, In. (An irreducible set is similarly defined as statement (17) with the relaxation of the condition that the set forms a representation of a group.) Schur's Lemma applies, in particular, to irreducible representations of a group, and is the basis for the developments below. For continuous groups, the summation is replaced by an integration over the group manifold, i.e. the (continuous) parameter space in which every point corresponds to exactly one element in the (continuous) group.
(21) Each element in an Abelian group forms a class by itself; and all the irreducible representations of an Abelian group are one-dimensional.
(22) The character of a group G in the representation D is a mapping of G on to the complex number in such a way that it assigns to every element X E G the trace of its representative matrix: x(X) = TrD(X).
(23) Two representations of a group have the same character if and only if they are equivalent. In particular, a representation D will be equivalent to its complex conjugate representation D* if and only if its character is real.
(24) Elements in the same class have the same character in any representation. So we shall also speak of characters of classes.
(25) Any character assigns to the unit element the dimension of the representation. (26) Orthogonality relations of characters: for a finite group G of order g , we have where x denotes the character, the sub-indexes cu and 0 label the irreducible unitary representations of C, k labels the classes of G, and gk is the number of elements in the kth class. Note that here cu and 0 are considered the same (so that 6,p = 1) if the two representations D, and -Dp are equivalent (not necessarily identical) to each other, because of statement (23).
(27) Let D ( X ) -n,D1(X) + n,D,(X) + . . . + nNDN(X), X E G, as defined in equation (2b), be a reducible representation of C, then the character satisfies x ( X ) = n l X l ( X ) + n 2 X ? ( X ) + . * *+nnrXlv(X), X E G .
If, in addition, the irreducible representations D,'s (a = 1,2,. . . , N) are unitary, then as a direct consequence of the orthogonality relation (4), the number of times that D , is contained in D is given by For a continuous group, again, summation is replaced by the integration over the group manifold.
(28) A finite group of order g has a finite number of inequivalent, irreducible representations. In fact, this number is severely limited by two facts: (i) it is equal to the number of classes, and (ii) Z , 4 : = g , where the summation is over all inequivalent, irreducible representations D, of dimension 4,. A special case is given in statement (21).
(29) Direct product of group: suppose we have two different groups A and B. If we define a law of multiplication such that any two elements Ai E A and Bi E B commute while two elements from the same group (A or B) are multiplied as in the separate groups, then all the products AiBi will form a new group. The new group is called the direct product of A and B and is denoted by A x B. It is always advantageous, whenever possible, to regard a group as a direct product of simpler groups.
(30) If A, B are two finite groups having orders a, b respectively, then A x B is also finite and of order ab. In fact, A and B are both invariant subgroups of A x B. Furthermore, the number of classes in A x B is just the product of the numbers of classes in A and B.
(3 1) Direct product of representations: let DA and DB be two representations of groups A and B, with dimensionality 4~ and 4B, respectively. Then the new set of (4A4B)-dimensional square matrices defined by where the double sub-index labels a block while kl indicates the row and column within that block, is called the direct product of the representations DA and DB. It is not to be confused with the direct product of groups in statement (29).
(32) The direct product of the irreducible representations of two different groups A and B gives an irreducible representation for A x B; and all the irreducible representations of A x B may be found in this manner. As a result: (i) let the dimensions of all the inequivalent, irreducible representations of group A be denoted by 41,42, 4 3 , . . . , etc., and those of group B by pl,p2,p3,. . . , etc.,then the dimensions of inequivalent, irreducible representations of the direct product A x B will be q l p l , 4 1~2 , .
. . , 4 2~1 , 4 2~2 , .
. . , etc. The list is exhaustive;
(ii) the character of AiBi E A x B, for Ai E A are Bi E B, in the representation DA x DB is given by where xA (or %) is the character of A (or B) in representation DA (or DB).
(33) Direct-product representation within a group: the direct product of two irreducible representations D1 and D2 of the same group G is itself a representation of the group G. A linear physical system is invariably described by some linear differential or integral equations and the boundary conditions. In the most general form, we write
) where L is a linear operator that maps the field function qi on to its image $ in function space. Suppose the system is transformed (e.g. rotated) by the transformation R , i-e.
qi+qi'=Rqi, $ + $ ' = R $ .
Let the 'transformed operator' L' be the linear operator such that L'qi' = 9'. Since $' = R $ = RLqi = RLR -'Rqi = (RLR -')@', we see that transformation law for L may be written formally as
If the system (including its boundary conditions) has some symmetry described by the symmetry group G, i.e. if the system is invariant under the symmetry transformations in G ,
(1 5) Thus, the operator commutes with all the symmetry transformations in the symmetry group of the system.
We now consider the eigenvalue problem
where @ is an eigenfunction associated with the eigenvalue h satisfying the boundary conditions. We shall follow group-theoretical arguments to infer the general results which depend only upon the symmetry of the system. In particular, we shall study the structure of the spectrum, the degeneracies in the eigenvalues, and the pattern of splitting of the degeneracies due to the introduction of perturbations. It is easy to see how symmetry gives rise to degeneracies. Thus, from equations (15) and (16), and making use of the fact that R is a linear transformation, we obtain LRqi= RLqi= Rhqi = Mqi, This equation states that if qi is an eigenfunction of L associated with the eigenvalue A, then so is Rqi. Unless R@ a qi for all R E G , the eigenvalue A is degenerate. Suppose there are 4 independent eigenfunctions, i = 1,2,. . . , q }, associated with the eigenvalue h. They define a q-dimensional eigenspace so that any Rqi\')(j = 1,2,. . . , q ) is expressible as a linear combination of i = 1, 2,. . . ,4. We then say that the eigenspace is invariant under the symmetry group G. To every symmetry transformation R in G we can associate a 4-dimensional matrix formed by the array of the (linear) coefficients of the transformation; and the set of matrices will form a 4-dimensional representation D of G (Wigner 1959) . Thus, for all X E G.
(1 7)
Our next question is whether the representation obtained above is reducible or not. To answer this question is by no means a trivial task, and has been the subject of a major research effort in quantum mechanics for some years (for a review, see, e.g. McIntosh 1971).
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Reducibility here requires a further decomposition of the eigenspace into more than one subspaces each of which is invariant under the symmetry group G. If this were the case, there will then be no need for the subspaces to have the same eigenvalue since they would never be 'mixed' by the symmetry transformations in G. If the eigenvalues did coincide, the degeneracy would be termed 'accidental'. Here we shall distinguish between two types of accidental degeneracies. The first type, not so much of an accident after all, is the consequence of some 'hidden' symmetry. In this case, our ostensible symmetry group G is only a proper subgroup of the true symmetry group of the system. This higher symmetry generally arises not from the geometry, but from some dynamical peculiarity of the system. Some well-studied examples include the n2-fold degeneracy in the energy levels of an electron in the Coulomb field of a hydrogen atom (whose symmetry group is the fourdimensional rotation-reflection group 0(4)), and the energy levels of the quantum mechanical harmonic oscillator (whose symmetry group is the three-dimensional unitary unimodular group SU(3)). It has been pointed out (see McIntosh 1971) that in both cases the forms of the potential field, namely r -l and rz, are the only ones that guarantee closed classical orbits. While this whole subject is not completely settled yet, we shall assume that any reasonable earth model possesses no such hidden symmetries. This will remain the only stipulation we make with respect to the radial parts of the earth models. The other type of accidental degeneracy, however, does arise from the geometry of the system. Thus, conceivably, two nearby eigenvalues may approach each other and finally coincide when we continuously vary the physical parameters of our earth model. Although this indeed may happen, the resultant degeneracy is truly 'accidental', and cannot be predicted based on symmetry considerations alone. This, however, will introduce no fundamental difficulties to our discussions; and for simplicity, we shall preclude (even though it is not necessary) such accidental degeneracies. To sum up, we present the following theorem which will be of central importance to our study: Theorem I: provided there are no accidental degeneracies, every degenerate set of eigenfunctions of an operator L provides a basis for an irreducible representation of the symmetry group G of the system. Conversely, corresponding to each q-dimensional irreducible representation of G, there are sets of 4-fold degenerate eigenfunctions.
Thus, this theorem enables us to establish a correspondence between eigenspaces and irreducible representations. However, it should be emphasized that the correspondence is not one-to-one because generally there are more than one (usually infinitely many) eigenspaces that correspond to a single irreducible representation of the symmetry group. Specific examples of this statement are given in Sections 4 and 5 . Now let us consider the situation where our system is subjected to a perturbation. For brevity, we shall denote the unperturbed system by S, the perturbed system by S', and the perturbation by P, and write S' = S t P. The symmetry groups of S and S' will be called G and G' respectively. Usually S is taken as such that G' is a subgroup, proper or not, of G;
i.e. G' E G. Suppose P is at least as symmetric as S. Then G' = G and both will have the same irreducible representations with, of course, the same dimensionality. Consequently, in the absence of any accidental degeneracy, S and S' will have identical spectrum structures. In general, each of the eigenfunctions of S will be coupled with other eigenfunctions by P and the eigenvalues of S will be shifted; but all the degenerate eigenvalues belonging to the same eigenspace of S will be shifted by the same amount (see Section 10). In other words, there will be no splitting in the degenerate eigenvalues due to such a perturbation.
On the other hand, if P is of lower symmetry than S , as is often the case in physical problems, then G' becomes a proper subgroup of G; G' C G. Now consider a subset, call it 292 B. Feng Chao D', of a particular irreducible representation D of G -namely, the subset formed by the matrices that correspond to the symmetry transformations in G' (remember that G' C G); i.e. D' = ( D ( X ) ; X E G'). It is obvious that D' is necessarily a representation of G'; but it may be reducible. That is to say, although we cannot find a single matrix that will blockdiagonalize all the matrices in D, there may exist such a matrix for D', which is a subset of D. When this happens, we can, as usual, express D' as a direct sum of irreducible representations of G', and we say that the representation D' is reducible with respect to G'. Eigenspaces will thus be coupled and 'broken up' into new, smaller eigenspaces in such a way that the symmetry transformations of G' will transform the new eigenfunctions in these new eigenspaces among themselves with no 'mixing' among different eigenspaces. This usually results in splitting in the corresponding degenerate eigenvalues. The pattern of splitting is dictated by G' according, in general, to some splitting rules, as we shall call them (see Section 4).
It should be emphasized that the above arguments are exact. In particular, when dealing with perturbations, we need not assume the 'smallness' of the perturbation.
We shall proceed with a simple example.
An illustration: two-dimensional round drum head
Take a uniform drum head with a clamped, circular boundary. The infinitesimal free oscillations are described by the two-dimensional Helmholtz equation:
where k is the wavenumber of the normal mode @(r, 0). The equation is simple enough to solve analytically and the normal mode solutions (Mathews &Walker 1970) are where n is the radial overtone number, m is the angular order, and the eigenwavenumbers ,km are determined by the boundary condition at r = R : Jm(nkmR) = 0 . Except for the nondegenerate 'radial' modes (m = 0), all the modes are two-fold degenerate. We now wish to study this problem from a completely different point of view, making full use of group theory. We shall, as a rule in group-theoretical studies, set aside the system itself and concentrate on its symmetry group. The system is invariant under two categories of symmetry transformations: (i) the rotation through any angle about the axis perpendicular to the drum head through its centre, and (ii) the reflection about any diameter of the drum head. The symmetry group thus formed is 0 ( 2 ) , the two-dimensional rotation-reflection group. (Note that 'two-dimensional' here merely describes the Euclidean space in which the transformations are performed, and has nothing to do with the dimensionality of the group representations.) Transformations (i) are often called proper rotations. They form the two-dimensional pure rotation group 0 + ( 2 ) , a proper subgroup of O(2). When a proper rotation is followed by a reflection in a vertical plane passing through the rotation axis (such as (ii)), the transformation is called an improper rotation. We see that O(2) consists of all the proper and improper rotations. Now let us study 0'(2), and then extend it to O(2). 0+(2) is continuous with one free parameter -the angle of rotation. The multiplication of two rotations is where R($) E O'(2) is the rotation through angle $ about the fixed axis. It follows immediately from equation ( Table 1 .
We are now ready to study the symmetry group O(2). In 0(2), it can be shown (Wigner 1959) that, unlike in 0+(2), a single proper rotation no longer forms a class; instead, JR($), R(-$)} forms a class when J/ # 0. As for improper rotations, we see that uR($) (where u denotes the reflection in a vertical plane passing through the rotation axis) can be represented by the following orthogonal matrix with determinant -1 : Table 1 . Irreducible representations of 0 + ( 2 ) (or C-).
... ...
D(* 3)
. . .
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The matrices in equation (25) all have the eigenvalues -+ 1, but differ in their eigenvectors:
where D [R ($)I is as given in equation (22). Equation (26) The next question to be pursued is: how would the eigenfrequency spectrum be affected by a perturbation of lower symmetry? For a specific example, consider the round drum head being perturbed by three attached point masses at the vertices of an equilateral triangle, as depicted in Fig. 1 . Again, we start by studying the symmetry group of the perturbed system. The system is now invariant under (i) finite rotations through angles 0,2n/3 and 4n/3, and (ii) reflections about the three dashed diameters in Fig. 1 . The (finite) symmetry group thus formed is called C3, according to the widely used Schoenflies notation for point groups, where the subindex 3 denotes the 3-fold rotational symmetry axis and v denotes the reflectional symmetry in the 'vertical' planes whose intersections with the drum head are the dashed diameters. C3, is the simplest non-Abelian group, and is a proper subgroup of O(2). There are six elements: C3v = { E , R , R2, a, OR, OR'), where E is the identity element, R rotates the system through the angle 2n/3 counterclockwise, and a reflects it about one of the three diameters. The six elements are partitioned into three classes: C1 = { E ) , C2 = { R , R 2 ) , and C3= { a , aR, OR'). Therefore, according to statement (28), C3, has three irreducible representations D(l), DQ), and D(3) with dimensionality 1 , 1 , and 2, respectively (nl = n, = 1, n3 = 2 is the only positive integer solution satisfying n: + ni t ng = 6). Thus, at t h i s point we have reached the conclusion that the normal modes of the perturbed drum head will be either non-degenerate or 2-fold degenerate.
We go one step further by asking which modes of the unperturbed system (equation 20) will be split by the perturbation and which ones will remain 2-fold degenerate. Our task now is to determine whether the two-dimensional representation {D,(X); X E C3,} for a given m (m # 0, see Table 2 ) is now reducible or irreducible with respect to C3,. In other words, we wish to reduce, if possible, the representation {D,(X); X E C3,} of Cgv into a direct sum of the irreducible representations D(l), D(2) and D(3) of CJV. This is accomplished using statement (27) which requires the characters of C3, in the (possibly reducible) representation D, and in the three irreducible representations D(l), D(2) and D(3). Statement (24) allow us to ...
... 
Thus when m = 3,6,9, . . . the representation (D,(X); X E C3,,} is reducible with respect to CgV, and is the direct sum of the one-dimensional D(l) and D(2). The degenerate pairs of normal modes (20) with these m's (regardless of the value of the overtone number) are therefore split by the perturbation. No splitting is possible otherwise. Thus it is seen that although group theory does not give us the amount of splitting in the eigenvalues due to a perturbation, it does provide a systematic way of determining the splitting rules (28). It is worthwhile to point out that the symmetry we have been considering (see statement 6) is independent of the radial variation in the physical properties of the drum head. Therefore exactly the same treatment can be applied and the same conclusions drawn if the unperturbed system, instead of being uniform everywhere, is circularly symmetric, i.e. is a function of the radius r.
Spherically symmetric earth
Now we turn our attention to a three-dimensional case -free oscillations of a spherically symmetric earth. We will, instead of writing down the linearized equations of motion and the boundary conditions? simply point out the fact that such an earth is invariant under the three-dimensional rotation-reflection group O(3). To study O(3) we shall, as in Section 4, start from the three-dimensional pure rotation group O'(3). O'(3) consists of all rotations through any angle about any axis passing through the centre and, hence, is continuous. It needs three free parameters to specify each of its rotations. (Incidentally, in general, O'(n) requires n(n -1)/2 free parameters to specify its elements.) We now wish to find the irreducible representations of O'(3). One rather elegant way, due to Weyl (1931) , is by establishing the two-to-one homomorphism of SU(2), the two-dimensional unitary unimodular group, on to O'(3). This procedure prevails in quantum mechanics because it permits the derivation of the two-valued representations for the intrinsic spin of particles. For our classical system, however, we shall adopt an alternative procedure suggested by Wigner (1959) . It will prove to be advantageous in our later study of perturbations.
First, consider the three-dimensional Laplace equation:
The operator V 2 is invariant under any rotation R, so that if cP is a solution, then R@ is also a solution (see Section 3). We consider solutions CP which are homogeneous polynomials, i.e. 1)dimensional representations DI, 1 = 0 , 1 , 2 , . . . , defined in equation (31) constitute a complete set of single-valued, irreducible representations of O'(3). Any single-valued representation of O'(3) can be expressed as a direct sum of the Dl's. Note that in the study of the representations of 0'(2), we could have followed a similar procedure as we did for O'(3) here. This, however, seems rather trivial. So in Section 4 we chose to present the treatment which promises a better geometrical feeling.
To extend our knowledge about O'(3) to 0 ( 3 ) , it pays to note that O(3) is just the direct product (see statement 29) of O'(3) with Ci 3 (E, Z } , where Z is the three-dimensional inversion which satisfies Zz = E. In the three-dimensional Euclidean space, E is represented by Z3, and Z by -Z3, where Z3 is the 3 x 3 identity matrix. It is obvious that Z, as well as E, commutes with the elements in O'(3). We therefore write representation Dj-) from DI and I)(-). Table 7 shows the character table of O(3). The important point to note here is that both Dj') and Did) have the same dimensionality as D I , namely 2 t 1. Finally, then, Theorem I assures that any eigenvalue system which is invariant under symmetry group O(3) will have and only have (21 t 1)fold degenerate eigenvalues.
In any (2Z t 1 )dimensional eigenspace, specified by the angular order I (1 = 0, 1 , 2 , . . .), each eigenfunction is characterized by the azimuthal-angular order m, m = 0, f 1, ? 2 , . . . , f 1. ...
For a given I , there are an infinite number of such (2 + 1 )dimensional eigenspaces, each of which corresponds to either of the two irreducible representations D / + ) and D / -) of the symmetry group 0(3), and is further characterized by a radial overtone number n, n = 0, 1 , 2 , . . . . A familiar example in quantum mechanics is the energy levels of an electron in a central electric potential field. The conclusion reached above is, of course, exactly what we have been seeking regarding the terrestrial spectrum of a spherically symmetric earth. Although this has been known to geophysicists for decades, we managed here to show it 'blindly' through group-theoretical arguments. Not only had we completely avoided solving the (linearized) equations of motion, but we also found it unnecessary even to write them down. The conclusions we drew are thus independent of various ad hoc, although plausible and sometimes cherished, assumptions about the Earth, e.g. a hydrostatic prestress, and elasticity and the isotropy of the Earth's material. In particular, we have also proved as a byproduct the assertion that the introduction of anelasticity in the Earth's interior has no effect on any of the degeneracies of the eigenfrequencies as long as the anelasticity is linear and, of course, spherically symmetric, despite the fact that the system is no longer conservative and the eigenfrequencies are now complex. An equivalent statement is that 'all the members of a multiplet must have the same Q-value for linear, spherically symmetric dissipation mechanisms in a non-rotating (spherically symmetric) Earth', first proved by Gilbert & Backus (1965) .
Spheroidal earth
By a spheroidal earth, more often called an 'elliptical' earth, we mean an earth model in which not only the figure, but also all the inner boundaries and the level surfaces of physical parameters are spheroids having the same axis. The symmetry group of such an earth is D,h. Dmh consists of: (i) rotations R through any angle about the fixed axis of the spheroidal earth (let it be the z-axis), (ii) reflections u, in any 'vertical' plane passing through the z-axis, and (iii) reflections in the 'horizontal' x-y plane (see Fig. 2 ). Note that C, is isomorphic to Ci (Section 5) because there is only one kind of group with order 2.
Therefore, as in Section 5 , the study of Dmh is reduced to the study of C,,. But since C,, is evidently isomorphic to the two-dimensional rotation-reflection group 0 (2) which has been well studied in Section 4, we can immediately write down the character table of Dmh from Tables 3 and 6, just as we did for O(3) in Section 5 (see equations 32,33). The result is given in Table 8 . Thus we see that the irreducible representations of D,h are either one-or two-dimensional. It then follows from Theorem I that the eigenfrequencies of a spheroidal earth are either nondegenerate or 2-fold degenerate. In fact, this is true for any system with symmetry group Dmh, e.g. the energy levels of an electron in the electric field in a homonuclear diatomic molecule (such as H2), or in any linear molecule with inversion symmetry (such as COz), if the electron-electron interactions can be neglected.
As in Section 4, we shall pursue the question that arises naturally: regarded as a perturbation imposed upon a spherically symmetric earth, how would the spheroidicity (more often called 'ellipticity') split each of the (21 + 1 )fold degenerate eigenfrequencies into a number of non-or 2-fold degenerate eigenfrequencies? In other words, how would the (2 t 1) dimensional representations @')(X); X E Dmh} of Dmh [remember that D{') are the (21 t 1)dimensional irreducible representations of 0(3), and note that Dmh E 0(3)] be reduced into a direct sum of the irreducible representations of Dmh, which are either one-or two-dimensional? Before jumping right into it we shall instead study the reduction of the (2 + 1)dimensional representations { D / ' ) ; X E Cmv} with respect to Cmv. We will see that the extension to D,h is simple, again because of equation (34).
First we need to find the character of C , , in the representations 0;'). From Table 7 we see that in both the positive and negative representations D/'), the character of the class IE? is X { * ) ( { E } ) = 21 + 1; X{')[{R($)}] = 1 t 2 cm $ +. . . + 2 cosl$.
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and that of the class { R ($) ... As for the class { u,R ($)I, we will only consider the character of a, where the vertical reflection plane is, say, the y-z plane, because u,R($) belongs to the same class for any rotation angle J/. Now u , is equivalent to the rotation about the x-axis through angle n followed by the inversion Z. Therefore we conclude that
Just as in Section 4, we are now ready to use equations (35a-c) and Table 3 to reduce the representation { D/*)(X); X E C, , 1 of C, , , according to statement (27), into a direct sum of the irreducible representations of C, , , which are either one-or two-dimensional. First consider the two one-dimensional representations Do and Do* of C, , (see Table 2 ). Because C, , is continuous, we must replace the summation in statement (27) Summarizing equations (38a-c), we say that both of the two (21 + 1)dimensional (reducible) representations { D/*)(X); X E C, , 1. of Coo,, whether 1 is even or odd, contains exactly one one-dimensional irreducible representation of C, , out of two candidates, Do and Dot. As a result, all the rest of the irreducible representations of C, , contained in { D { * ) ( X ) ; XEC,,) will be two-dimensional, and there are 1 such two-dimensional representations.
Which of the two-dimensional irreducible representations Dm of C, , , among an infinite number of them (m = 1, 2, 3,. . . , see Table 2 ), are contained in { D/*)(X); X E C, , ] ? 302 B. Feng Chao Again, using equations (35a-c) and we have from equations (39) and (40) The extension from C,, to DWh = C,, x C, is trivial once we have at hand the assertion that D$*) will be reduced in exactly the same way with respect to D,h as with C,, because of equation (34) All the above discussions point to an important result about the terrestrial spectrum: the introduction of spheroidicity splits each of the (22 t 1)fold degenerate eigenfrequencies of a spherically symmetric earth into one nondegenerate eigenfrequency plus 1 2-fold degenerate eigenfrequencies each of which is characterized by one m E {l , 2,. . . , 1 ) . Symbolically, we write o(3)
Although Dahlen (1968) has acquired the same result, true to first order, for a spheroidal earth using the first-drder perturbation theory, it was not clear whether or not it holds exactly. Here we managed, without doing any perturbation calculation, to show that this is indeed true regardless of the magnitude of the spheroidicity, as long as the axial symmetry is present, and at the same time independent of the validity of Clairaut's equation, or such assumptions as the elasticity and isotropy of the Earth's material.
Earths with general axial symmetry
Our general theory allows us to carry on far beyond the case of the spheroidal earth as done in Section 6. Actually in Section 6 we have already shown what is generally true for any earth model whose symmetry group is C,, or Dwh (of which the spheroidal earth is a special case). For example, a pear-shaped earth has the symmetry group C, , . Its eigenfrequencies will be either non-or 2-fold degenerate, just as the electron energy levels of a heteronuclear diatomic molecule (such as HCl) or of any linear molecule without inversion symmetry (such as HCN). Also, when considered as a perturbation to a spherically symmetric earth, its eigenfrequencies will behave exactly as stated by the splitting rule (42). For more general cases, consider a spherically symmetric earth subject to an axial-symmetric but otherwise arbitrary perturbation K It is convenient to expand V in terms of spherical harmonics with zero azimuthalangular order provided that we let the z-axis of our coordinate system coincide with the symmetry axis, and the origin be at the Earth's centre of mass. Thus,
where P, is the Legendre polynomial of degree s. As we shall see in Section 10, some terms in the expansion (43) (e.g. those with odd angular order s) will generally have smaller quantitative effects than others. But in any event, all the terms will split the (21 t 1)fold degeneracy in exactly the same fashion according to rule (42), because the symmetry group belonging to each term is either C, , (for odd s) or D,h (for even s). The perturbed earth will have the symmetry group C, , (because C, , is a subgroup of D,,,), and the splitting in the terrestrial spectrum of such an earth will, again, observe rule (42). It is interesting to point out the resemblance between the axial-symmetric perturbation and the Stark effect in Quantum mechanics (Wigner 1959) . The Stark effect is observed when a uniform external electric field is superimposed on a central electric potential field. The symmetry group is reduced from O(3) to C, , (rather than Dmh since one direction, namely the direction of the electric field, is preferred); and each of the (21 t 1)fold degenerate energy levels of an electron in the original central field is split into I t 1 energy levels by the external electric field exactly as stated by rule (42).
Arbitraryearth
An arbitrary earth is here defined as an earth model without any symmetry whatsoever. It is a rather dull object so far as group theory is concerned. Our real Earth, unfortunately, is an arbitrary earth. Its symmetry group is the trivial ( E l . The onedimensional identity representation is its only irreducible representation, so that all the eigenfrequencies are nondegenerate. The 'arbitrariness', by definition, destroys the degeneracies completely.
To elaborate somewhat we follow the usual procedure and expand the perturbation V , i.e. the deviation of the arbitrary earth from its (spherically symmetric) terrestrial monopole (Gilbert 1971) , in terms of spherical harmonics (Madariaga 1971):
d Each term in equation (44) has its own symmetry group under which it is invariant. The symmetry groups are continuous for terms with r = 0 (as discussed in Section 7), and are finite for terms with r # 0. The latter case is not of interest to us because none such term alone describes adequately any reasonable earth model. But when put together, all the terms in equation (44) conspire to destroy any possible symmetry. In mathematical terms, we say that the intersection of all the symmetry groups belonging to the terms in equation (44) is { E } ; that is, the identity element E is the only common element.
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earth under rotation at a constant angular velocity, and simply call it a 'rotating earth'. We shall study is dymmical, as well as geometrical, symmetries.
Let the axis of the Earth's rotation be the z-axis. Then an additional Coriolis force term characterized by the vector operator Q 2 x (where i is the unit vector in zdirection) is introduced to the eigenvalue equation (16). The operator Q is linear and the whole argument given in Section 3 stays valid. We shall, as usual, first find the symmetry group of the rotating Earth. We do so by using the commutability condition (15) for symmetry transformations as follows. First we see that in the three-dimensional Euclidean space the Coriolis operator Q can be represented by the matrix the rotation R ($) about the z-axis through any angle $ can be represented by and the reflection ah in the 'horizontal' x-y plane can be represented by It is an easy exercise to show that M(Q) commutes with both M[R ($)I and M(ah). This, according to condition (1 9, insures that R ($) and oh are symmetry transformations of the rotating Earth. Physically, the reflectional symmetry with respect to the x-y plane implies that the two directions z and -z are dynamically indistinguishable, and Qv (for instance, the Coriolis force exerted on a particle if v is its velocity) will be the mirror image (in the x-y plane) of Qv' whenever the two vectors v and v' are mirror images to each other. On the other hand, any 'vertical' plane that passes through the z-axis is not a symmetry plane because a sense of rotation is preferred. This can be verified simply by showing that Q does not commute with any reflection a,, in such a vertical plane.
The symmetry group of the rotating earth is therefore Cmh, Cmh = C, x C, where C, consists of all the rotations R ( $ ) (0 G $ < 277) about the z-axis, and C, { E , oh (c.P. equation 34). Note that both C, and Cmh cannot appear as the symmetry group of a geometrical object as they do for dynamical systems, because they automatically guarantee the existence of the additional symmetry transformation a,, for a geometrical object (see Section 6).
Just as C,, is isomorphic to O(2) (see Section 6), so is the group C, to the twodimensional pure-rotation group O'(2) which, again, has been well studied in Section 4. In particular, it has been shown that O'(2) is Abelian. Therefore, we conclude that both C, and, hence, Cmh are Abelian, so that all their irreducible representations are onedimensional (see statement 21). It immediately follows from Theorem I that all the eigenfrequencies of a rotating earth are nondegenerate.
To see exactly how the rotation splits the (21 + 1)fold degeneracies in the terrestrial Downloaded from https://academic.oup.com/gji/article-abstract/66/2/285/622601 by guest on 19 January 2019 spectrum of a spherically symmetric earth, we need first to determine how the representation {D,(X); X E C,} of C, is reduced with respect to C, (remember that D, is the (21 t 1 >dimensional irreducible representation of the pure rotation group O'(3)). Thus, using Table 1 and statement (27) as we have done in Sections 4 and 6, we can obtain the number of times that the irreducible representation D(m) of C, (Table 1) As mentioned in Section 6, it can be shown that the same splitting rule (46) applies to the situation where the symmetry group of a physical system is reduced from the reflectionrotation group O(3) to Cmh. Thus, the (21 t 1)-fold degeneracy of a spherically symmetric earth is completely split by the rotation; and each of the resultant 2l t 1 nondegenerate eigenfunctions can be characterized by one m E (0, ? 1,. . . , f 1 ) each. The quantitative treatment of the perturbation problem has been worked out to first order by Backus & Gilbert (1961) and to second order by Dahlen (1968) . The above qualitative conclusion reached through the group-theoretical arguments is, as it should be, consistent with their results. Pekeris et al. (1961) has pointed out the resemblance of the rotational splitting of the terrestrial spectrum to the quantum mechanical Zeeman effect -the magnetic counterpart of the Stark effect mentioned in the end of Section 7 , that the (21 t 1)fold degenerate energy levels of an electron in a central electric potential field will be completely split when a uniform external magnetic field is superimposed. Wigner (1959) has argued that the symmetry group of such a quantum mechanical system is C , h , same as that of the rotating earth. Thus, although it does not readily lead to the quantitative observation that in both cases the splitting is uniform to first order, group theory does provide the underlying reason for their similar behaviour.
10 Selection rules in the general form In this and the following two sections we shall turn our attention to some semi-quantitative usage of group theory with respect to eigenfunctions, and derive the selection rules for the matrix elements of an operator. Although, as we shall see, group theory is by no means indispensable in this respect, it certainly provides a systematic and convenient way for the derivation.
Consider the scalar product between two particular eigenfunctions of a linear operator L: n where the integration is over the whole space on which the eigenfunctions are defined. Here we specify an eigenfunction by its symmetry type. Thus, @) denotes the ith eigenfunction in one of the eigenspaces of L corresponding to the irreducible, unitary representation D, of the symmetry group of the physical system, and similar for (Recall, from Theorem I (Section 3), that in the absence of accidental degeneracies, the eigenfunctions in an eigenspace of L form a basis for one of the irreducible representations of the symmetry group.) We agree that only inequivalent, irreducible representations are considered (that is, if two irreducible representations are equivalent, they are in fact identical); and we distinguish between 4 and $ in equation ( Suppose we are given a set of tensor operators { P?); n = 1, 2,. . . , 4 , 1. such that after the symmetry transformation R E G, the corresponding operators are given by (cp. equation 18):
where D, is a q,-dimensional irreducible representation of the symmetry group C. Now consider the matrix element of the operator P$') between two particular eigenfunctions of L Theorem I11 is the general selection rule for the matrix element of an operator. Although it is relatively weak in the sense that it says nothing about the sub-indexes i, j and n, it does provide all the information required to determine whether any coupling between two given eigenspaces is possible in principle.
One special case of Theorem I11 is of interest -namely, when it happens that the operator P =Pi") is invariant under the symmetry group G (i.e. P satisfies the commutability condition (15)), for example, if P is itself the operator L, or if Pas a perturbation to L has equal or higher symmetry than L, or if P is simply a constant. Then it is clear that D, must be the identity representation (4,, = 1); and from equations (15)and (18) we can show that $;@I =P$jp) is of the same symmetry type as
The matrix element (49) now reduces to the expression (#)I $;@I), and its selection rules are dictated by Theorem 11. Thus, among different eigenspaces, only eigenfunctions of the same symmetry type will be coupled by such an operator. On the other hand, within an eigenspace, so that D, = Dp and 4 coincides with $. Theorem I1 ensures that the matrix of P will be diagonal with constant diagonal elements, consistent with the assertion presented earlier in Section 3 that no splitting of the degenerate eigenvalues will occur due to a perturbation which is invariant under the symmetry group G.
In general, however, it usually occurs that the operator P , ? is not invariant under all 
Gob)
Here we disregard the radial overtone number because, once again, the eigenspaces specified by a given 1 but having different overtone numbers all correspond to the same irreducible representation of the symmetry group. As a consequence, all the results derived below will be true irrespective of the values of the radial overtone number. The matrix element of the perturbation V between two normal modes is defined as where u1 and u2 represent either u or T, and the integral is over the whole volume of the Earth. From equations (44) and (SOa, b), it is clear that the matrix element (51) will be a linear combination of integrals of the form c where is the solid angle. Now we shall derive the selection rules for the integral (52). First we make the observation that any rule to be obeyed by the azimuthal-angular orders m', t and m will not be considered fundamental. It is just a result of our particular choice of basis functions to span the unperturbed eigenspaces. A mere change of the coordinate system will change the rule (or even destroy it). For example, one such rule is immediately Thus, a necessary condition for the integral (52) to be non-zero is that I' E { k; Is -I I G k g s t I } , or that the three angular orders l', s, 1 satisfy the so-called vector triangle rule. Another equally important selection rule can be effected by considering further symmetry properties of spherical harmonics. Notice that the integral (52) vanishes if the integrand (YT'*Y,'Yy) has odd pariry, i.e. if the integrand changes sign under inversion. Since a spherical harmonic of angular order k has parity (-as can be easily verified from its definition, the integrand will have parity (-l)l'+s+l. Consequently we must have l ' t s + I even for the integral (52) not to vanish. To summarize, we give the set of selection rules for the geometrical perturbation (44) as follows:
The integral (Y;? I Y, ' l Y;l> will vanish unless (i) l', s and 1 satisfy the vector triangle rule, and (ii) I' t s t 1 is even.
Exactly the same set of rules has been obtained by Luh (1973) by means of Wigner 3-j symbols (Edmonds 1960) to which group theory is closely related. A more general account of the second part (ii) has also been studied from symmetry approach by Smith (1974) . Thus, for given s and t, the selection rules determine which normal modes will be coupled together due to the Y,'-part of the perturbation V . Here, instead of dwelling on the generality, we shall discuss two simple particular cases:
(i) By far the largest departure of the Earth from spherical symmetry is its spheroidicity.
It is well-approximated by the term Y,'= fi in equation (44) 12 Selection rules for dynamical perturbation The only important dynamical perturbation to a spherically symmetric earth is rotation. It is clearly distinct from a geometrical one in a fundamental way; and we expect a different set of selection rules for its matrix elements.
As in Section 9, the rotation operator is defined as Q = ix. Its matrix element between two normal modes is thus
This integral is simple enough that we see immediately from equations (50a, b) that it reduces to a linear combination of integrals of the form According to Theorem II in Section 10 and the discussions in Section' 11, the integral (59) will be zero unless m' = m and I' = 1. This, of course, is the ordinary orthogonality relation for spherical harmonics; and here we have duplicated it using group theory. It can then be readily shown that 01, Ii 2 01 is coupled with TI is coupled with (60b) by rotation. The first-order rotational corrections of the eigenfrequencies within one multiplet has been studied by Backus & Gilbert (1961) under ordinary perturbation theory. The case where strong coupling is present between different multiplets has been investigated by Dahlen (1969) and Luh (1974) through quasi-degenerate perturbation theory. We end this section by reiterating that the actual rotational splitting of the eigenfrequencies in a multiplet is complete as we have seen in Section 9.
Conclusion
Most, if not all, of the results obtained in this paper with regard to the terrestrial spectrum have been known to geophysicists for some years. They appeared here and there in the literature. The present group-theoretical study is an attempt to provide a unifying theory from a different point of view. It is seen that these results are not exclusively pertinent to the Earth; instead, they are general for any physical system possessing the same type of symmetry as that of the earth model under consideration. An indication of this statement is that throughout our previous discussion nothing was said about the radial parts of the earth models except that they are not likely to have a form which will induce accidental degeneracies. Knowledge about the radial parts is necessary for purposes of quantitative computations, but is irrelevant as far as symmetry is concerned.
In Sections 1 and 2 we give the motivation of this study and the essential elements of group theory. Section 3 connects group theory with eigenvalue problems. In particular, the relation between the degree of degeneracies in the spectrum and the dimension of the irreducible representations of the symmetry group is established. This relation (Theorem I) is the basic idea behind later developments in Sections 4-9. The treatment of the simple two-dimensional problem in Section 4 essentially encompasses the precedure to be followed in Sections 5-9. It is included with the hope that it serves as an illuminating and suggestive example.
From time to time during our discussion we emphasized the analogy between the terrestrial spectrum of various earth models and the energy levels of quantum mechanical and quantum chemical systems. The fact that we were able to do this is, again, a manifestation of the generality of the group-theoretical treatment. A comparison is appropriate at this point and is given in Table 9 . Table 9 practically summarizes Sections 5-9.
Sections 10-12 deal with some semi-quantitative aspects of group theory. The general selection rules (Theorems I1 and 111) for perturbation matrix elements are deduced in Section 10. In Sections 11 and 12, they are specialized to determine the coupling among eigenfunctions due to geometrical and dynamical perturbations to a spherically symmetric earth model.
As an attempt to secure mathematical completeness, a good deal of our discussion has been devoted to the study of group theory per se and to the case analysis of pertinent symmetry groups. However, most mathematical details and proofs which may be found in the literature were omitted. Other than this, this paper is meant to be self-contained.
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